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Definitions

• A decomposition of a graph K is a set {G1, G2, . . . , Gt} of subgraphs of K such that E(G1) ∪ E(G2) ∪
· · · ∪ E(Gt) = E(K) and E(Gi) ∩ E(Gj) = ∅ for 1 ≤ i < j ≤ t.

• Let G be a graph and D = {G1, G2, . . . , Gt} a decomposition such that Gi is isomorphic to G, then D is
called a G-decomposition.

• The complete graph of order n is denoted by Kn, the cycle of order n is denoted by Cn and the path
of order n is denoted by Pn (so Pn has n− 1 edges).

• If n is odd, then K∗
n is Kn, otherwise it is Kn− I, where I denotes the edges of a perfect matching on K.

• Let G be a 2-regular graph of order k and K∗
n defined as above. If there exists a G-decomposition

of K∗
n (n ≥ 3), then it is obvious that 3 ≤ k ≤ n and k | n

⌊
n−1
2

⌋
. These conditions are called the obvious

and neccessary conditions for the existence of a G-decomposition of K∗
n.

• For a given graph K, we define the graph K(2) by V (K(2)) = V (K)× Z2

and E(K2) = {{(x, a), (y, b)} : {x, y} ∈ E(K), a, b ∈ Z2}.
• For each even r ≥ 2 let Yr denote any graph isomorphic to the graph with vertex set {v1, v2, . . . , vr+1}

and edge set

{(vi, vi+1) : i = 1, 2, . . . , r} ∪ {(v1, v3) ∪ {(vi, vi+3) : i = 2, 4, . . . , r − 2}}

and specially E(Y2) = {(v1, v2), (v2, v3), (v1, v3)}.

• Let X2r denote the graph obtained from Y
(2)
r by adding the edges

{((v1, 0), (v1, 1)), ((v2, 0), (v2, 1)), . . . , ((vr+1, 0), (vr+1, 1))}.
• For each even r ≥ 2 we define the graph J2r to be the graph with vertex set V (J2r) = {u1, u2, . . . , ur+2}∪
{v1, v2, . . . , vr+2} and the edge set

E(J2r) = {(ui, vi) : i = 3, 4, . . . , r + 2}∪
{(ui, ui+1), (vi, vi+1), (ui, vi+1), (vi, ui+1) : i = 2, 3, . . . , r + 1}∪
{(ui, ui+3), (vi, vi+3), (ui, vi+3), (vi, ui+3) : i = 1, 3, . . . , r − 1}

Problems

Problem 1: For each 2-regular graph G and each positive integer n satisfying the obvious necessary condi-
tions, determine whether there exists a G-decomposition of K∗

n.

Theorems

Theorem 1. If G is a bipartite 2-regular graph of order 2m, then there is a G-decomposition of P
(2)
m+1.

Theorem 2. If r and a are even where r ≤ 2a− 2, r ≤ 2b and r | ab, then there exists a Pr+1 decomposition
of Ka,b.

Theorem 3. There is a Pr+1 decomposition of Kv if and only if v ≥ r + 1 and r | v(v−1)
2 .

Lemma 4. For each even r ≥ 2, there exists a decomposition of Kr+1 into r−2
2 Hamilton paths and a copy

of Yr.

Lemma 5. If r is even, 2 ≤ r ≤ m−1
2 , and r | 12m(m−1)− 3r

2 , then there is a Pr+1-decomposition of Km−Yr.
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Lemma 6. If G is a bipartite 2-regular graph of order 2r where r ≥ 4 is even, then there is a decomposition
{H1, H2, H3, H4} of J2r such that

(1) V (H1) = {u1, u2, . . . , ur} ∪ {v3, v4, . . . , vr+2},
(2) V (H2) = {u3, u4, . . . , ur+2} ∪ {v1, v2, . . . , vr},
(3) V (H3) = {u3, u4, . . . , ur+2} ∪ {v3, v4, . . . , vr+2},
(4) V (H4) = {u3, u4, . . . , ur+2} ∪ {v3, v4, . . . , vr+2},
(5) each of H1, H2, H3 is isomorphic to G,

(6) H4 is a 1-regular graph of order 2r.

Lemma 7. If r ≥ 2 is even and G is any bipartite 2-regular graph of order 2r, then there is a decomposition
of X2r into three copies of G and a 1-factor.

Lemma 8. If n ≥ 6 is even and G is any bipartite 2-regular graph of order n− 2, then there is a

G-decomposition of Kn − I.

Lemma 9. Let r ≥ 2. If there is a Pr+1-decomposition of Km if r is even and there is a Pr+1-decomposition
of Km − Yr, then there is a G-decomposition of K2m − I for every bipartite 2-regular graph of order 2r.

Theorem 10. Let G be a bipartite 2-regular graph, let k be the order of G, and let n ≥ 4 be even. There

exists a G-decomposition of Kn−I if and only if 3 ≤ k ≤ n and k | n(n−2)
2 , except possibly when n

2 < k < n−2

and n(n−2)
2k is odd both hold.
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